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Application of Proper Orthogonal Decomposition
to a Supersonic Axisymmetric Jet
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Results are presented from the application of the snapshot proper orthogonal decomposition (POD) method
to a spatiotemporal flowfield generated from large eddy simulations (LES) of a Mach 1.4 ideally expanded jet.
This is part of ongoing research in the development and use of the POD method in conjunction with advanced
laser-based optical measurements in high-speed flows. The POD application goal is twofold: to extract dynamically
significant information on the large-scale coherent structures in a high-speed jet and to facilitate low-dimensional
modeling of the jet. It was found that the spatial eigenmodes obtained using weakly correlated snapshots, but
spanning tens of convective timescale and uncorrelated snapshots, are similar. It was also found that a short-
duration temporally resolved LES data (simulating data obtainable from pulse burst laser-based measurements)
could be used to calculate the time evolution coefficients of the eigenmodes. The use of a few modes (namely, 12)
was sufficient for a reasonable reconstruction of the spatiotemporal flowfield. The use of POD with a vector norm
instead of a scalar norm did reduce the energy captured in the first few modes and also changed their rank order,
but did not substantially alter the reconstructed flow. In the early jet development region, the first and dominant
mode was found to be axisymmetric, followed by either another axisymmetric or asymmetric (probably helical)
mode, whereas higher modes in this region and all of the modes farther downstream were more complex and three-
dimensional. The POD modes and their temporal coefficients obtained at various streamwise locations suggest
that the large-scale jet structures undergo a process of disorganization near the end of potential core, followed by

reorganization farther downstream.
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" = eigenfunctioncorrespondingto the nth POD
eigenvalue
(,) = inner product

Introduction

T has been known for decadesthatlarge-scalecoherentstructures

play a major role in many engineering applications. Examples
include entrainment and mixing in mixers and combustors, noise
generationin jets, and drag in moving vehicles. There is a consensus
that an effective way to control these processes is to control large-
scale (coherent) structures. However, there is a great deal of debate
and subjectivityin defining a coherentstructure and its identification
via experiments or numerical simulation.

The proper orthogonaldecomposition(POD) method is an empir-
ical mathematicaltool, introducedto turbulenceresearchby Lumley,
that objectively identifies dynamically significant structures in the
flow.! The technique is empirical in that it uses a spatial velocity
correlationtensor that is obtained experimentally or from numerical
simulations. This correlation tensor is sufficient for identifying var-
ious eigenmodes supported by the flow. However, to go one step be-
yond and to investigate temporal evolution of large-scale structures,
one needs to project these modes onto real-time experimental or
computational data.> One can also use Galerkin methods to project
Navier—Stokes equations onto these eigenmodes to derive a set of
ordinary differential equations that can predict, at least in a global
sense, the flow behavior. These ordinary differential equations may
then be used for closed-loop flow control

The POD method has been used in the past decade to study co-
herent structures in various turbulent flows. For example, it has
been used to study the wall region of a turbulent boundary layer,*
low-subsonic axisymmetric jets,”~” a high-subsonic axisymmetric
jet,® and in the developing region’ and in the self-similar region'®
of a low-subsonic planar mixing layer. All of these applications of
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POD have been in subsonic flows, and hot-wire probes have been
used to obtain experimentaldata. Hot wires provide temporally well
resolved but spatially sparse data for POD.

In recent years, the POD method has also been used with nu-
merical simulation data. For example, it has been used to explore
dynamics of flow separationin a diffuser over a range of expansion
angles,'! in both subsonic'>!'* and supersonic'*!3 cavity flows, and
in a high-subsonicjet.'®

Recent developments in optical diagnostic techniques such as
particle image velocimetry and planar Doppler velocimetry (PDV)
have enabled the acquisition of the required statistical data non-
intrusively and with higher spatial resolution.!” However, their use
with the POD method has been limited because they do not pro-
vide temporally resolved data. Developments in laser and cam-
era technologies and the associated real-time optical diagnostic
techniques'®!® provide a new impetus for the use of POD with
planar laser-based optical techniques.

High-speed, high-Reynolds number jets are relevant to commer-
cial and military engineering applications, and an understandingof
their physicsis, therefore, critical. The use of hotwires in such flows
would be quite challenging.Our approachis to use the POD method
with experimental data obtained from the PDV technique. PDV will
provide planar images with three velocity components at a large
number of spatial points, but with no time correlation between the
images. Additionally, it is becoming possible to obtain a series of
real-time single velocity components with short time duration us-
ing a real-time PDV technique under development.!3!® This paper
presents the first step in the development and application of POD
with PDV-type laser-based diagnostics data.

POD Approach

The POD method is a mathematical tool used to decomposea data
set, which contains information on all or at least on most scales of
a turbulent flow, into a small number of modes that can capture the
dynamically significant structuresin the flow. It has been used as an
objective method to identify coherent structures in turbulent shear
flows.! The method provides a spatial basis (a set of eigenfunctions)
for a modal decomposition of an ensemble of data, obtained from
an experimentor computational simulations. These eigenfunctions,
or modes, are extracted from the cross-correlationtensor and can be
used as basis functions to represent the flow. It is generally accepted
that the empirical eigenfunctions obtained from the POD method
and the coherentstructuresin the flowfield are related. Lumley noted
that if the first mode contains a dominant percentage of the fluctu-
ating energy, it could represent a physical structure 2° However, for
flows requiring several modes for adequate energy capture, the POD
modes provide a good spatial basis for flow decomposition, but the
connection between these modes and the physical-space coherent
structures in the flow is not clear.

Details of the POD approachhave been providedby severalinves-
tigators and will not be repeated here.!>#6:14.21.22 The method used
in the present work is the snapshot method developed by Sirovich 2
The snapshot method is more suitable to obtain the POD modes in
highly spatially resolved data sets because the classical method is
computationally intensive. The method requires a sufficiently large
number,k=1,2,..., M, of instantaneousrealizationsor snapshots,
u; (x, ), forastatisticallystationaryrepresentationof the flow. Then
the POD eigenfunctionscan be written as linear combinationsof the
instantaneous flowfields:

M
¢ =Y Al ) ()

k=1

The eigenfunctionscan be obtained by solving the following eigen-
value problem:

C(t,t)A =1"A 2)

where the matrix A is the eigenbasis of this intermediate eigen-
value problem and C (¢, ;) is the two-point correlation tensor of the
snapshots, integrated over the spatial domain of interest or spatial

average of the correlation tensor, defined as
1
C(t»tk)Z_/ u; (e, Nu;(x, 1) dx (3)
M J,

This procedure reduces the eigenvalue problem from one that de-
pends on the number of grid points to one that depends only on the
number of snapshots M used. Additionally, the snapshot method
does not need to invoke the spatial homogeneity assumption.

The instantaneous velocity field can then be reconstructed using
the eigenfunctions, as

00

w1y = Y a" (0} (x) @)

n=1

where a” are the random temporal coefficients that can be calculated
from

a”(t)=/ ui(x, ;™ (x) dx &)
D

Time-resolved velocity data are not available, in general. The time
coefficients must be obtained by other means such as Galerkin pro-
jection of Navier—Stokes equations onto the eigenfunctions.

The objective of the present study was to explore the feasibility
of using POD with the experimental data that can be obtained using
the PDV technique. The standard PDV techniquecan providehighly
spatiallyresolvedinstantaneousvelocity and detailed statistical data
on any given plane, but it cannot provide time-resolved data, due
to the shortcomings of both current commercial lasers and charge-
coupled device (CCD) cameras.!” A technique based on pulse burst
laser with a repetitionrate of up to 1 MHz and an ultrafast CCD cam-
era with similar frame rate is under development.'®!° Currently, this
imaging system is limited to recording 17 consecutive images on
the camera for a 150-us pulse burst span from the laser. A ques-
tion, therefore, was, could this kind of limited data be used with
POD technique to provide information on dynamics of coherent
structures for their control?

To assess the feasibility of POD application to PDV data, data
obtained using large eddy simulations (LES)?**?* were used. LES
resolvesa large portion of the spatial scales and associated temporal
scales in the flows considered. Therefore, LES data have very high
spatial resolution, which is, in a sense, similar to data from PDV,
while providing good time resolution (not currently available via
PDV).

LES Database

The data used here were obtained from a three-dimensional
LES of a high-Reynolds-number supersonic jet.>*?* The LES
code® combines a five-stage, fourth-order Runge—Kutta time
discretizatior?® with a standard fourth-order central difference spa-
tial discretization. Stability is maintained by removing high wave
number dispersive errors with a sixth-orderexplicit filter.?® A com-
pressible form of the Smagorinsky model is used to represent the
subgridscale stresses (see Ref. 27). The flow was a Mach 1.4 ideally
expandedaxisymmetricjetissuingfroma2.54-cm-diamnozzle. The
computationaldomain included both the jet flowfield and the nozzle
geometry. This allows for a realistic development of the jet mixing
layer, by providing an accuraterepresentationof the flow conditions
at the nozzle exit and the initial jet velocity profile. The computa-
tional domain extends 20 jet diameters (20D) from the nozzleexitin
the streamwisedirectionand 10D from the centerlinein the radial di-
rection. The computationalgrid was formed by 301 pointsin the x di-
rection (streamwise), 129 pointsin theradial direction,and 36 points
in the azimuthal direction. The grid size in the axial and radial direc-
tions was determinedfrom a grid study with preliminary axisymmet-
ric solutions.®® A grid resolution study for the azimuthal direction
found only slight differences in time-averaged quantities between
the 36-plane solution presented here and a finer 64-plane solution *

Figure 1 shows the computationalgrid used in the LES for a cross-
stream and for the streamwise planes. In the cross-stream plane
(Fig. 1a), only the region contained within r = 1D is shown. The
streamwise plane (Fig. 1b) shows the grid only downstream of the
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nozzle. The grid is nonuniform in the radial direction y, as well
as in the streamwise direction x with a finer grid distribution in
the mixing-layer region. The time step used in the simulation was
5x 1078 s. For the snapshot POD analysis used here, data at an
interval of 80 time steps were used (4 x 107 s). The data used were
for three cross-stream (y—z) planes at 3D, 6D, and 9D. DeBonis
and Scott*® compared time-averaged velocity profiles, both cen-
terline and radial, with the experimental data.® The computation
underpredicts the length of the potential core by about 1.5 jet di-
ameters and, beyond this point, the jet spreads at a slightly higher
rate. The predictionof the potential core lengthrepresentsa 50-70%
improvement over comparable LES. Two-point space-time corre-
lations, performed near the end of the potential core, indicate that
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Fig. 1 Computationalgrid used in the LES code: a) cross-section plane

and b) streamwise plane (note that the scales for panels a and b are
different).

the convection speed of the large-scale turbulent structures is in
agreementwith the stream selectionrule.'® Although there is a need
for improvement in accuracy, this calculation is an advance in the
unsteady analysis of high-Reynolds-number jets and is the most
suitable for the present POD analysis.

Results and Discussion

The POD method was applied to the LES data at the cross-stream
planes just described. The results can be put into three categories:
1) those that deal with issues such as the energy content of each
mode and the numbers of modes required to reconstruct the flow-
field, 2) those that explore the nature and dynamics of the large-scale
structures in a high-speed jet, and 3) those that assess the applica-
bility of the POD method with the type of data that can be obtained
using PDV (namely, well-resolved data fields in space but resolved
over a short time span). Although the LES data contain the full
volumetric information, that is, three velocity components, density,
and pressure, at every time step, we will limit our discussions to
two-dimensional cross-sections and three components of velocity,
similar to what will be available experimentally using PDV.

POD Modes

The LES data at x/D =3, 6, and 9 contained a total of 850 data
sets or snapshots (every 80th computational time step is a snap-
shot) at each location. Assuming a convective velocity of 300 m/s
and a length scale of one nozzle exit diameter (2.54 cm), the con-
vective timescale is 85 us, whereas the time interval at which the
snapshots were sampled was 4 us (the simulations time step was
0.05 ws). Therefore, the available total data length was approxi-
mately 40 convective timescale for x/D =9 location and almost
100 convective timescale for x/D =3, which contains a statisti-
cally significant number of coherent structure passages. Reduced
sets of at least 100 snapshots, using one from out of every five to
eight snapshots, distributed over the entire 850 snapshots available,
were used to calculate the POD basis at each section. From now on,
these sets will be referred to as the “ordered data set.” Statistical
convergencein the percentage of energy captured by the modes was
observed?® Although in these data sets two consecutive snapshots
are weakly correlated, each data set spans 40-100 convective time
units, over which the flow processes are decorrelated.

Figure 2 shows the percentage of captured energy (contained in
the streamwise velocity fluctuations only) vs the number of POD
modes at each cross-stream plane. The first POD mode contains
39, 17, and 31% of the energy at x/D =3, 6, and 9, respectively.
To capture 90% of the energy, the first 11, 16, and 14 modes are
required at x/D =3, 6, and 9, respectively. Interestingly, the per-
centage of energy captured by a given number of modes decreases
from 3D to 6D and then increases at 9D, and this variation is sub-
stantial for the first 20 modes or so. We speculate that this trend
is a result of the following dynamics. Structures at 3D, in the jet’s
early development region, are more coherent. At 6D, around the
end of the potential core, strong interactions between structures of
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merging shear layers take place, resulting in the loss of their orga-
nization. By 9D, interactions between structures are not as strong
and frequent. Therefore, they reorganize and become more coher-
ent. Observations via temporally resolved flow visualizations of a
Mach 1.3 ideally expanded, high-Reynolds-numberjet, are consis-
tent with this trend.!® Similar observations have also been reported
by others in a high subsonic axisymmetricjet.® Such reorganization
of coherentstructure dynamicsin the far field of turbulent wakes has
beenstudied via coherentstructureeduction techniques>! However,
no clear understanding of the physical mechanisms underlying this
process is yet available. The implications of such processes on the
mixing and noise generation process are not understood either.
When POD was used with the streamwise plane data, the first
POD mode captured around 28, 17, and 38% of the energy in sec-
tions, which extend from x /D = 1-5,4-8, and 7-11, respectively?
To recover 90% of the energy, it requires 21, 24, and 20 modes, re-
spectively, at each section. Although the trend of captured energy is
consistent with that obtained in the cross-stream planes, the modes
extracted from such a plane do not account for three-dimensional

Variable: u, mode 1, (38.7%)
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structures and are quite different. Freund and Colonius'® have
showed that the nature of modes/structures and the convergence
of associated eigenvalues are different when one uses volumetric or
planar data for reconstruction of the modes.

In what follows, we will focus on the results that will reveal the
dynamic significance of each mode and their streamwise evolution.
For quantitative comparisons, reconstructed velocity time traces in
the shear layer will be assessed to establish the minimum number
of modes required to obtain a good representation of dynamically
significant flow features and structures.

Spatial Structure of POD Modes

The characteristics of the POD modes at each cross-stream plane
are now analyzed to explore the nature of the dynamically signifi-
cant structuresin the flow. In analyzing the modes, it should be kept
in mind that each mode can be thought of as capturing a dominant
flow characteristicthat may or may not render itself to visualization
or other diagnostic techniques. Figures 3-5 show the first six POD
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Fig. 3 First six POD modes for the streamwise velocity fluctuations at x/D = 3.
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Fig. 5 First six POD modes for the streamwise velocity fluctuations at x/D = 9.

Wariable: u, mode 1, {23.5%)

WVamable: u, mode 2, {(12.19%)

WVariable: u, mode 3, (8.7%%)

0.02 0.02 0.02
0.01 0.01 7 0.01
0 o ‘ 0
-0.01 -0.01 -0.01
-0.02 -0.02 -0.02
002-001 0 001 002 002001 0 001 002 002001 0 001 002

WVanable: u, mode 4, {(8_06%)

Vamnable: u, mode 5, (7.52%)

Variable: u, mode 6, (5.75%)

0.02 —— 0.02 0.02
0.01 0.01 0.01
0 a 0
-0.01 - 0.0 -0.01
-0.02 -0.02 -0.02
0.02-0.01 0 0.01 0.02 -0.02-0.01 0 0.01 0.02 -0.02-0.01 0 0.01 0.02

E 2000000 .

-1 -0.5

[u] 0.5 1

Fig. 6 First six POD modes for the streamwise velocity fluctuations at x/D = 3 using vector norm.

modes for the longitudinalvelocity fluctuationsat three cross-stream
planes. For the cross-stream plane at x/D =3, the first two modes
are axisymmetric, showing a ring-type structure in the mixing-layer
region. It is well known that in fully expanded jets, ring vortices
dominate earlier in the mixing region. Recent real-time flow visual-
ization in a similar Mach number jet show this feature clearly, with
smaller-scale structures (mostly streamwise vortices) also riding on
these large toroidal structures.!® The third mode is asymmetric, ev-
idently associated with the first azimuthal mode (m = %1) with en-
ergy levels comparableto that for the second mode. Such azimuthal
modes are known to be dominant farther downstream (close to the
end of the jet potential core). Higher modes have more complex
shapes and contain less energy.

At x/D =6, even the first mode has a more complicated shape
and is no longer the dominant mode, having comparable energy
levels to that of the second mode, which has an asymmetric shape
that can be associated with contributions from an m ==+2 mode.
The higher modes have relatively high energy levels and complex-
ity. This location is close to the end of the average potential core,
where significant interactions occur among turbulence structures of

the merging shear layers. These complex three-dimensional inter-
actions, believed to be responsible for most of the far-field noise
radiation,**-** are probably responsible for the reduced organization
as well.

At the x /D =9 plane, the energy distribution among the modes
is similar to that at x /D = 3, where the first mode is dominant, al-
thoughclearly three-dimensionalin nature (comparedto the axisym-
metric structurenear x /D = 3). The modes contain largerregions of
positive and negative values while displaying greater spatial homo-
geneity. This is probablybecausethe structuresare quite large at this
streamwise location and the associated turbulent kinetic energy is
more evenly distributed over the cross section. The observed change
in the shape of the first POD mode over the three cross-streamplanes
is similar to available experimental results in low-speed jets, which
show that the flow structures are more axisymmetricin the develop-
ing jetregion, thatis, x /D = 3, but become more three-dimensional
farther downstream.*

The POD modes were also calculated using a vector norm, which
basically uses velocity vector rather than a single component of
velocity.!*!® Figure 6 shows the first six modes for the streamwise
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velocity fluctuations at x/D =3 calculated with this approach. It
can be observed that the shape of the first mode is the same as in
Fig. 3 but that the percentage of energy recovered has been reduced.
Also there is a change in the order of the next three modes, where
mode 2 in Fig. 3 appears as mode 4 in Fig. 6, and modes 3 and 4 in
Fig. 3 as modes 2 and 3 in Fig. 6, respectively. However, the modes
of the streamwise velocity fluctuations at the other two streamwise
locations (x/D =6, 9) did not show any major changes, except that
the percentage of energy captured by each mode was reduced. For
all three cross-stream planes, the total energy captured by the same
numbers of modes was higher in the scalar approach than in the
vector approach. Similar changes were also observed for the other
two velocitycomponents. The results are consistentwith the findings
of Freund and Colonius'® of a smaller energy fraction capture by
leading-ordermodes for vector approachrelative to that from scalar
approach

Reconstruction of the Flow Dynamics

Time coefficients for each POD spatial eigenfunction computed
were obtained by projecting the instantaneous velocity field onto
the basis functions using Eq. (5). For quantitative comparisons,
Figures 7-9 show the time traces of the longitudinal component
of velocity at the lip line of the jet (r/D =0.5) at x/D =3, 6, and

871

9, for 4 and 12 POD modes, and they are compared with the orig-
inal velocity. Including only four POD modes allows the capture
of the general trend of large amplitude velocity fluctuations due to
energetic flow structures. However, the magnitude of large excur-
sions from the mean is much lower than that of the original data,
as expected due to the neglect of the higher modes. Using the first
eight modes (not shown here)*?> improves the comparison. How-
ever, one needs to include in excess of 12 modes to closely match
the original results. Similar results were observed for the other two
velocity components and also for all three velocity components in
the streamwise plane.’?> These results suggest that, with 12 POD
modes, the velocity field can be reasonably well reconstructed, and
the large-scale structures in the flow can be identified.

Next, a three-dimensional reconstruction of the velocity field,
using the first 12 POD modes was performed. A total of 425 snap-
shots of the 850 available were used, taking every other snapshot,
with a time step of 8 s between consecutive snapshots. The time
coefficients, as mentioned before, were calculated by projecting
the instantaneous velocity field, the 425 snapshots, onto the POD
basis using Eq. (5). Figure 10 compares the original and recon-
structed instantaneous streamwise velocity fluctuations at a given
time step (T, = 116, = 0.93 ms) for the cross-stream plane located
at x/D = 3. The overall comparison is good, but finer details of
the original results are smeared out in the reconstruction. Similar
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Fig. 9 Time trace of the streamwise velocity component with 4 and 12 POD modes at the nozzle lip line and x/D = 9.
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Fig. 10 Instantaneous streamwise velocity fluctuations at x/D = 3:
a) original field and b) reconstructed field using 12 POD modes.

agreements are observed at other times as well as in other cross-
stream locations.

Animation of the streamwise velocity fluctuations were observed
for repeated patterns, similar to the method used by Citriniti and
George.” To help extract the flow dynamics, the cross-stream ve-
locity vectors (the combined radial and azimuthal velocity com-
ponents) and the gray scale streamwise vorticity contours along
with the streamwise velocity animation were used in each cross-
stream plane. Although particular sequences, or a “life cycle” as
presented by Citriniti and George’ in a low-Reynolds-number and
low-Mach-number jet were not observed, there was recurrence
of certain structures or events that will be shown and discussed
hereafter.

Axisymmetric Vortex Ring

The first type of structure observed at the cross-stream plane at
x/D =3 is an axisymmetric ring that appears repeatedly, dominat-
ing the flowfield. Figure 11 presents a sequence of six frames show-
ing the reconstructed streamwise velocity fluctuations along with
the cross-stream velocity vectors and streamwise vorticity contours
atx /D = 3. The frames are presented in time steps with consecutive
time steps having a real time difference of 8 us. This sequence of
streamwise velocity fluctuationimages clearly captures the passage
of an axisymmetric structure throughthe plane. The streamwise vor-
ticity contours show negligible vorticity level and the vector plots
show primarily radial velocities pointing either inward or outward.
Such behaviorimplies a vortex ring type of structure. The ring starts
to affect the flowfield on this plane at 7, =20, and its effect reaches
a maximum at around 7; = 24. This type of eventhas been observed
before by Citriniti and George,” who referred to it as a “volcano-
like structure” This type of structure is observed to repeat itself
quite often and is clearly related to the first two POD modes (m =0
azimuthal modes) shown in Fig. 3.

Helical Vortex Structure

The secondtype of structureobservedin the reconstructedmovies
seems to rotate in the azimuthal direction while passing through the
x/D =3 plane. Figure 12 shows a set of frames of the reconstructed
streamwise velocity fluctuations images, depicting what seems to
be a clockwise rotating helical structure. The streamwise vorticity
contours, along with the cross-stream velocity vectors at the same
time steps show two regions of streamwise vorticity: a much higher
positive region and a lower negative region. The positive vortic-
ity region rotates along with the cross-plane velocity component,
in the same direction as the helical structure. This type of struc-
ture is related to the third POD mode (m = 1 azimuthal mode)
shown in Fig. 3. An interesting observation is that helical struc-
tures in such flows are known to appear farther downstream. How-
ever, these results indicate that they could also be present farther
upstream, but with less frequent occurrence. Simple visualizations,
perhaps, cannotextracttheir presence.In fact, there were hints of the
presence of such structures in a similar upstream location in recent
experiments.'®

Three-Dimensional Structures

Another type of event observed in the reconstructed movies can
be associated with three-dimensionalstructures. A sequence of im-
agesshowing the presenceoflarge peaksand valleys associated with
large-scale structures in the flow are shown in Fig. 13. Streamwise
vorticity contours along with cross-stream velocity vector fields
show pairs of counter-rotating vortices entraining fluid into the
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Fig. 11 Three-dimensional reconstructions of the flow at different time steps using 12 POD modes showing the passage of an axisymmetric vortex
ring: a)-c) streamwise velocity fluctuations and d)-f) combined cross-stream velocity vectors and streamwise vorticity contours.
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Fig. 12 Three-dimensional reconstructions of the flow at different time steps using 12 POD modes showing the passage of an asymmetric structure
(perhaps a helical structure): a)-c) streamwise velocity fluctuationsand d)-f ) combined cross-stream velocity vectors and streamwise vorticity contours.

regions of high streamwise velocity fluctuations. Such structures
are prevalent in flow visualization results of a Mach 1.3 ideally
expanded axisymmetricjet.!” Note that the streamwise vorticity as-
sociated with these counter-rotatingvortices are much strongerthan
those associated with the flowfield of Fig. 12. In addition to these
three types of events at the cross-stream plane located at x /D =3,
there are periods in which there is no clear dominance of any one
particular type of structure.

Identification of specific structures using similar three-
dimensional constructions at the other two cross-stream planes,
x/D =6 and 9, is much more difficult because the structures are
more complex. At the x/D =6 plane, more random and three-
dimensional behavior of the structures was observed. There was no
clear presence of axisymmetric vortex rings; however, vortices of
perhaps higher modes (m = %2, 3) appear at times. At the x/D =9
plane, the structures are three-dimensional and larger, with slower
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Fig. 13 Three-dimensional reconstructions of the flow at different time steps using 12 POD modes showing the passage of a vortex pair: a)-c)
streamwise velocity fluctuations and d)-f) combined cross-stream velocity vectors and streamwise vorticity contours.
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Fig. 14 First six POD modes for the streamwise velocity fluctuations at x/D = 3, using the random data set.

evolutionand more spatial homogeneity of propertiesover the cross
plane.

When the flow was reconstructed using the vector POD modes,
similar structures were observed. However, there was some loss
of the finer details. This was expected because the energy of the
modes has changed along with a change in the order of the modes,
which would cause some differencesin the time coefficient for the
vector and the scalar cases. In the context of the jet flow, it appears

that the scalar approach might be sufficient in capturing the main
characteristics of the flow structures.

Random Temporal Sampling Results: POD Basis and Flow Dynamics
As was mentioned before, two consecutive snapshots in the or-
dered data sets used to calculate the POD basis are weakly time
correlated. However, the data used for POD cover from 40 to 100
convective timescales and, thus, the use of snapshot method should
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Fig. 15 Time trace of the streamwise velocity component with 12 POD modes at x/D = 3, using the random data set.
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Fig. 16 Averaged projection of the POD modes form random data set
onto the POD modes from the ordered data set.

be justified. This should be clear from the good comparison of the
reconstructedand original results in Figures 7-10. To further verify
this, asetof 100 time steps outof the 850 LES datafiles available was
randomly sampled. The POD modes of this set, from now on called
“random data set,” were calculated using the snapshot method and
are shown in Fig. 14, for the cross-stream plane at x /D = 3. Com-
paring these modes with those obtained using the ordered data set
(Fig. 3) reveals that there is little change in the shape of the first
four modes or spatial basis, with small variations in the amount of
energy captured by each mode. Similarly good comparisons were
also observed for the x /D = 6 and 9 planes.

Additionally, because the LES data are time resolved, the time
coefficients for a given time record length, were obtained by pro-
jecting the instantaneous velocity field u(x, #) onto the spatial
basis ¢"(x) calculated from the random data set, using Eq. (5).
This time coefficient was used together with the POD basis cal-
culated for the random data set to reconstruct the flowfield, us-
ing Eq. (4). The reconstructed longitudinal velocity component us-
ing 12 modes at the jet lip line at x/D =3 is compared with the
original data in Fig. 15. The comparison is quite good. Similar
favorable comparisons were also observed in the x/D =6 and 9
planes.

A more quantitative comparison between the POD modes calcu-
lated from the random data set and the ordered data set was obtained
by projecting each POD mode of the random data set onto its cor-
respondent mode in the ordered data set, [¢) (x), ¢, (x)]. When the

value of this projectionis closer to one, the two modes are consid-
ered very similar and, therefore, the two bases can be ensured to
span similar subspaces. This is a more stringent check of the “sim-
ilarity” of the subspaces spanned by the POD modes, compared to
verification of a near-zero angle between the two subspaces (us-
ing a set of the respective leading-order POD modes). Figure 16
shows the result of projecting the first 12 POD modes for sets
of 100 and 200 snapshots. Note that the results are spatially av-
eraged over 30 sets for each case. Two observations can be made.
First, when the number of snapshots is increased (increasing the
sample size), there is an improvement in the averaged projection
of the modes. Second, from the set of 200 snapshots, the projec-
tion of the first three modes is over 0.9, and the first five modes
over about 0.8, implying similar modes and a consequently similar
subspace (spanned by the leading modes) as the ordered data set.
These results suggest that although the higher modes are different
between the two cases, the most dominant modes are essentially
spanning a similar subspace and should capture the dynamics of the
flow.

The real-time measurements to calculate POD time coefficients
(combined with the POD basis functions) will be obtained in the
future using a real-time PDV technique, which is currently under
development.!® Because of limitations with the laser and camera
for such a system, the real-time measurements will be limited to
a time period on the order of a convective timescale. The issue
of whether this is sufficient for computing time coefficients is ex-
plored here. Figure 17 shows the reconstruction of time trace of
the velocity at the lip line using the time coefficient calculated with
the entire set (850 time steps) and the time coefficient calculated
with the 17 time steps (with At =8 us) over two portions of the
entire time domain (around # = 0.8 and 1.8 ms). In both cases, the
time coefficient was calculatedby projectingthe instantaneoussnap-
shots onto the POD basis obtained from the ordered data set using
Eq. (5).Itcanbe seen that the results obtainedin both cases compare
well with the case using the entire data set. This again is encour-
aging and suggests that one could perhaps use several such time
segments to extract a low-dimensional model. However, this pro-
cess requires further exploration. This route is preferred over the
use of projection of Navier-Stokes equations onto the eigenvalues
obtained via a standard PDV technique because this will require
simultaneous velocity with pressure and density data. Currently,
such multiple variable data can be obtained at a point but not on a
plane3®
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set (850 files) and only two small segments of data set.

Conclusions

The snapshot POD technique was used with LES data obtained
for an ideally expanded M = 1.4 axisymmetric jet. The snapshots
used span 40-100 convective time segments. Whereas consecutive
snapshots are weakly time correlated, the correlation level drops
over a few snapshots, and there is a sufficient number of structures
over which the POD modes and time coefficients are calculated. The
POD basis calculated at each cross-stream plane using a randomly
selected (time uncorrelated) data set showed that the amount of
energy captured by different modes, as well as the shape of the
modes obtained, did not change measurably in comparison with
those obtained using the ordered data set. Although this has not
beenexplicitlyaddressedin the open literature, this is to be expected
from the use of the snapshot method (traditionally used with time
uncorrelated data).

The reconstruction of the time traces of the velocity inside the
jet shear layer showed that 12 POD modes are sufficient to repre-
sent the dynamic flowfield at several locations, with eight modes
being sufficient farther upstream. The use of vector POD (veloc-
ity fluctuation vector) instead of scalar POD (just streamwise ve-
locity fluctuations) did reduce the energy captured in the first few
modes and also changed their rank order, but it did not substan-
tially alter the reconstructed flow. It was found that, in the early
jet development region, the first and dominant mode was found to
be axisymmetric, followed by either another axisymmetricor asym-
metric (probablyhelical) mode, whereas higher modes in this region
and all of the modes farther downstream were more complex and
three dimensional. The amount of energy captured by the first POD
mode in the cross-stream planes reduces as we approach the end
of the potential core, but increases farther downstream, suggesting
a process of disorganizationbreakdown of initially axisymmetric
coherent structures in the interaction region (around the end of the
jet potential core) and their reorganization into three-dimensional
coherentstructures farther downstream. Reconstructionof time evo-
lution of modes confirmed the presence of three different types of
structuresat the cross-streamplanelocated atx /D = 3; an azimuthal
vortex, an apparent helical structure, and a three-dimensionalstruc-
ture associated with vortex pairs. However, the structures farther
downstream were observed to be more three dimensional and not
amenable to a simple description.

The results are quite encouraging for the use of combined PDV
and POD to further explore the physics of high-speed flow and
to make an attempt to construct low-dimensional models of the
flow. It looks as through one could use standard PDV to deter-
mine eigenmodes and real-time short duration PDV to obtain time
coefficients.

Comparison of the time trace of the streamwise velocity component at x/D = 3 in original data set with 12 POD modes using all of the data
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